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Abstract

A direct measurement of the amplitude function across each of the Tevatron collider Inter-
action Regions is presented. The data were obtained during three Tevatron study periods, each
dedicated to other measurements. However, the beam position data generated were found to
be appropriate for the present analysis as well. This first look presumes uncoupled transverse
motion, an assumption which will be lifted in future analyses. The results suggest that the
values of β∗, the amplitude function at the Interaction Point, are near their design values of
35 cm at both detectors, in both planes and can be measured readily with the new Tevatron
BPM system to an accuracy of a few percent or better.

To date, the values of the amplitude function, β, through the Interaction Regions of the Teva-
tron collider detectors during Run II have been inferred using one of two methods. First, by
reconstructing event locations through the detector one can map out the luminous region and per-
form a least-squares fit of the beam emittance and amplitude function in each transverse degree
of freedom.[1] Another method has been to perform differential closed orbit measurements while
varying steering magnets in the Tevatron and producing detailed models of the synchrotron’s opti-
cal properties which can reproduce the observed orbital deviations. From the modeling results one
then infers the value of the amplitude function at the position monitor locations and then uses the
model to ascertain values at other locations.[2] Both of these methods rely on often lengthy off-line
analyses and sometimes many hours of experimental data to obtain a meaningful result.

The method employed here is to directly measure the amplitude function in the Interaction
Regions using position monitors on either side of a collider experiment.[3] As the amplitude func-
tion describes the maximum extent of transverse oscillations and slopes of trajectories at a point
in an accelerator, then by exciting an oscillation and measuring the position and slope, the am-
plitude function and its slope at that point can be extracted. This method became attractive
as a new Tevatron Beam Position Monitor (BPM) system was being developed. This system is
now operational,[4] and applicable turn-by-turn data are readily available during accelerator study
periods. The all-new electronics allows for much higher resolution signals to be processed, includ-
ing turn-by-turn data acquisition for over 8000 Tevatron revolutions at all BPM’s. The improved
resolution allows for meaningful measurements to be made with small amplitude beam deflections
which are required during high-energy, low-beta operating conditions.

Below we describe the measurement procedure, the analysis procedure, and initial results for
both experimental regions. The data are used at “face value” for this analysis, though remarks are
made concerning measurement errors in a later section.
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1 Turn-by-Turn Position Measurements

The β∗ measurement relies on the fact that each monitor pair is separated by beam pipe with no
magnetic elements in between (save the detector solenoid field, which we ignore, yet address later
in a subsequent section). Thus, the simultaneous position measurement at the two BPM’s provides
a measurement of the slope of the trajectory at each BPM as well. By measuring turn-by-turn
the position and slope of a freely oscillating particle (or, in this case, coherent motion of the beam
centroid induced by a kicker magnet) one can map out a phase space trajectory and deduce the
value of the amplitude function and its slope at that point. From this knowledge, the amplitude
function across the straight section can be computed.

The position relative to the closed orbit at one BPM, x, and the slope of the trajectory relative
to the closed orbit, x′ = dx/ds, are related through the amplitude function via

γx2 + 2αxx′ + βx′2 = a2/β

where α = −β′/2, γ = (1+α2)/β, and a is the amplitude of the particle motion as measured at the
BPM location. The eccentricity and orientation of the phase space ellipse are given by the values
of the amplitude function and its first derivative; the overall size of the ellipse is determined by the
amplitude of the particle oscillation.

A transverse deflection to the beam will induce a coherent betatron oscillation which can
be measured by the BPM’s. However, due to inherent non-linearities in the accelerator as well
as chromaticity, the phases of the oscillations of individual particles will slip and the signal will
“decohere,” leading to an apparent damping of the motion. Even though the amplitude of the
signal decreases, if it does so slowly enough the data will continue to lie on concentric phase space
ellipses and thus can be used in the analysis. Turn-by-turn data out to about one decoherence time
can provide hundreds of data points, increasing the statistics of the measurement.

Because of the tune spread which arises due to chromaticity, it is best to measure the amplitude
function with “uncoalesced” beam in the Tevatron, for which the momentum spread is many times
smaller. Figure 1 shows BPM measurements taken at injection of a kicked coalesced bunch and
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Figure 1: BPM measurements of coalesced bunches (left) and uncoalesced bunches (right).
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a kicked uncoalesced bunch, for which the decoherence time is at least 10 times longer. While
meaningful measurements can often be made with a few hundred turns using coalesced bunches,
much greater statistical power can be gained when using uncoalesced bunches. Evident in the data
are the long-term decoherence due to non-linear tune shift with amplitude and the re-coherence
which occurs at the synchrotron period of about 500 turns due to residual chromaticity. (See
Section 6.4.)

2 Data Analysis

The Tevatron BPM system now has the capability of recording 8000 turns of position data triggered
on event with an rms accuracy of the data reported by the control system of about 20 µm. As
mentioned earlier, for this discussion we will ignore transverse coupling between the horizontal and
vertical motion. The measurement consists of many turns of data obtained simultaneously at two
BPM’s on either side of the interaction region long straight section, as depicted in Figure 2. At

quad quad
BPM 1 BPM 2

L* L*

Figure 2: Schematic of long straight section across Interaction Point.

each IR the vertical detectors are separated by ± 14.8 m and the horizontal detectors by ± 15.0 m
from the center of the straight section. By taking simple sums of the data from a pair of BPM’s
the amplitude function and its slope can be determined at each BPM, and the values in between
computed.

2.1 Moments and End Points

In one degree of freedom, the transverse motion at a BPM on turn number n is given by

xn = A
√

β sin(δ + 2πνn)

where A and δ are determined by the initial conditions of the oscillation due to the applied kick,
and ν is the betatron tune. The slope of the oscillation at the BPM is given by

x′
n = − A√

β
[α cos(δ + 2πνn) + sin(δ + 2πνn)].
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Averaging over phases or, equivalently, averaging data over a large number of turns, we find that

〈x2〉 =
1
2
A2β, 〈x′2〉 =

1
2
A2γ.

Taking the correlation of x and x′ we get

〈xx′〉 = −1
2
A2α

and so the data can be used to extract the value of β and its slope β′ = −2α at the BPM. As for
the constant A above, one can easily verify that

1
2
A2 =

√
〈x2〉〈x′2〉 − 〈xx′〉2.

The angle x′ is determined by knowing the distance 2L∗ between two BPM’s and measuring the
positions at the two BPM’s x1 and x2 simultaneously. Since there are no intervening magnetic
gradients, then

x′ =
x2 − x1

2L∗ .

The final results for β and α at the BPM at each end of the straight section is then,

β1 =
2〈x2

1〉L∗√
〈x2

1〉〈x2
2〉 − 〈x1x2〉2

, β2 =
2〈x2

2〉L∗√
〈x2

1〉〈x2
2〉 − 〈x1x2〉2

,

α1 =
〈x2

1〉 − 〈x1x2〉√
〈x2

1〉〈x2
2〉 − 〈x1x2〉2

, α2 = − 〈x2
2〉 − 〈x1x2〉√

〈x2
1〉〈x2

2〉 − 〈x1x2〉2
.

2.2 The Amplitude Function Across the IR

Since we have a drift space between the two BPM’s we know that the function γ = (1 + α2)/β is a
constant and the amplitude function is parabolic and of the form

β(s) = β1 − 2α1s + γs2 = β2 − 2α2(s− 2L∗) + γ(s− 2L∗)2; additionally,

α(s) = α1 − γs = α2 − γ(s− 2L∗),

where s is the distance from the upstream BPM. The minimum of the amplitude function and its
location relative to the upstream BPM are

β̌ =
2L∗

α1 − α2
at š =

2α1L
∗

α1 − α2
.

Henceforth, we will refer to the minimum value of β as β∗, which may or may not be centered in
the straight section. The distance to the minimum from the center of the straight section is

∆s∗ = š− L∗ =
α1 + α2

α1 − α2
L∗.
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3 Measurements at 150 GeV, 2005 May 2

During a studies period of 2005 May 2, turn-by-turn data were obtained at the injection energy of
150 GeV, under the “injection optics” configuration for which the design value of β∗ is 150 cm in
each plane, at each IP.[5] Two sets of data were taken, one with a horizontal kick applied to the
beam, another with a vertical kick. Thirty uncoalesced bunches were used in each case, with typical
bunch intensities of ∼ 1010 per bunch. Chromaticities were set to ξh ≈ 3.5, ξv ≈ 2.5, and the
minimum tune separation was ∆νmin ≈ 0.003. Figure 3 shows the first 2000 turns of the horizontal
BPM data from the CDF straight section and the D0 straight section for a horizontal kick, with
the mean subtracted. Similarly, Figure 4 is for the vertical BPM data during a vertical kick. (The
tune in this case was very near 4/7.) Figure 5 shows the reconstruction of the phase space for the
upstream CDF horizontal detector using the first 6000 turns as an example. The ellipse in the figure
corresponds to the values of β and α obtained directly from the analysis described above. Figure 6
shows the same data, but only turns 0-100 (outer points) and turns 6000-6100 (inner points). As
can be seen, the orientation of the apparent phase space ellipse does not change over time.
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Figure 3: Horizontal BPM data, x1 (top) and x2 (bottom), at CDF (left) and D0 (right) for a
horizontal applied kick at injection energy of 150 GeV. The horizontal tune was 20.586. For CDF,
〈x1〉 = 1.6 mm, 〈x2〉 = 6.6 mm; for D0, 〈x1〉 = 3.0 mm, 〈x2〉 = -0.3 mm.

Performing the straightforward analysis described in Section 2 yields the amplitude functions
depicted in Figure 7. The values at the BPM’s, the values of the minima, and the locations of the
minima are provided in Table 1.

Table 1: Amplitude Functions at Injection

β1 β2 β∗ ∆s∗

CDF Hor 41.2 m 40.1 m 144 cm +5.49 cm
Ver 31.0 m 33.2 m 181 cm -13.4 cm

D0 Hor 40.2 m 46.0 m 136 cm -26.1 cm
Ver 31.2 m 30.6 m 189 cm +3.56 cm
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fname "b0ir_Vk_150_050205_ucoal.txt"=
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fname "d0ir_Vk_150_050205_ucoal.txt"=Figure 4: Vertical BPM data, y1 (top) and y2 (bottom), at CDF (left) and D0 (right) for a vertical
applied kick at injection energy of 150 GeV. The vertical tune was 20.571. For CDF, 〈y1〉 = -0.8 mm,
〈y2〉 = 1.4 mm; for D0, 〈y1〉 = -1.4 mm, 〈y2〉 = 2.0 mm.

0.5 0.25 0 0.25 0.5
0.08

0.04

0

0.04

0.08

Position x @ BPM 1 (mm)

S
lo

pe
 x

’ (
m

ra
d)

a 1:=
i 000 100 j 6000 6100

Figure 5: Horizontal phase space at the upstream CDF detector taken using x1 and x2 data in the
left-hand portion of Figure 3. The ellipse corresponds to β1 = 41.2 m and α1 = 5.26, a result using
the first half of the data (3000 turns) in the analysis.
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Figure 6: Same as Figure 5, but only showing data for turns 0-100 and turns 6000-6100 of the
original data set. The ellipse is the same curve as in Figure 5.
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Figure 7: Amplitude functions at (left) CDF and (right) D0 at injection.
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4 Measurements at 980 GeV, 2005 May 31

Another set of data was taken during a study period on 2005 May 31 during 980 GeV operation.[6]
In this case, the deflections occurred with “low-beta” optics, or “collision optics,” used during a
store. The design value for β∗ in this configuration is 35 cm.

During this study coalesced bunches were used, as they would be during a store. Thus, the
momentum spread was large and the decoherence was much stronger due to chromaticity as well as
due to the stronger non-linear fields experienced with the low-beta optics. While 8000 turns of data
were taken, only 250 are used in the analysis of the horizontal motion and only 125 are used for
the vertical. The data are shown in Figures 8 and 9. The corresponding values for the amplitude
functions derived from the data are given in Table 2. Errors assigned are discussed in Section 6.

Table 2: Analysis at 980 GeV, using 250 turns for the horizontal, and 125 turns for the vertical.

β1 β2 β∗ δβ∗ ∆s∗ δ∆s∗

CDF Hor 173 m 141 m 35 cm ±1 cm +40 cm† ±1 cm
Ver 164 m 165 m 33 cm ±1 cm -2.4 cm ±1 cm

D0 Hor 151 m 149 m 35 cm ±3 cm +1.6 cm ±1 cm
Ver 153 m 150 m 36 cm ±1 cm +3.5 cm ±1 cm

†see Section 6.1

5 Measurements at 980 GeV, 2005 June 23

A third data set was obtained on 2005 June 23 at 980 GeV, this time using uncoalesced bunches.[7]
Figure 10 shows representative horizontal and vertical data for this pass. While the chromatic
decoherence was pronounced, it was still viable to use ∼1,500 turns in the analysis, 5-10 times the
number of turns used for the data obtained using coalesced bunches. The results are displayed in
Table 3. We see that on this day the values of βy are again measured with good precision, giving
1-2% values at each IP. However, the results for βx vary with the number of turns used. More will
be said about this in the next section.

Table 3: Amplitude Functions at 980 GeV, 2005 June 23, using 1500 turns.

β∗ δβ∗ ∆s∗ δ∆s∗

CDF Hor 34.6 cm ±0.6 cm +34.2 cm† ±0.4 cm
Ver 38.7 cm ±0.3 cm -4.8 cm ±0.4 cm

D0 Hor 38.7 cm ±1.6 cm +1.1 cm ±0.4 cm
Ver 40.3 cm ±0.2 cm +2.3 cm ±0.2 cm

†see Section 6.1
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Figure 8: Horizontal BPM data at CDF (left) and D0 (right) for a kick at 980 GeV. Here, νx =
20.580. At CDF, 〈x1〉 = 0.10 mm, 〈x2〉 = 7.8 mm; at D0, 〈x1〉 = -0.15 mm, 〈x2〉 = 2.5 mm.
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Figure 9: Vertical BPM data at CDF (left) and D0 (right) for a vertical kick at 980 GeV. Here,
νy = 20.577. For CDF, 〈y1〉 = -1.0 mm, 〈y2〉 = 1.6 mm; for D0, 〈y1〉 = -2.0 mm, 〈y2〉 = 0.62 mm.

6 Notes on Measurement Errors

The rms readback error of the BPM system is on the order of 20 µm. The oscillations induced for
the measurements above were typically on the order of 1 mm. Thus, one would expect an error on
β∗ of approximately 2% with this resolution. The final value of β∗ also depends upon our knowledge
of L∗. The distances between the BPM centers are known to better than a centimeter, or < 0.1%

One of the next questions to be asked of the technique above is its dependency on the number of
turns used in the analysis. For the injection data, with several thousand turns of useable numbers,
this isn’t so much an issue. But when only a few hundred turns are used, this must be questioned.
Figure 11 plots the computed value of β∗ at 980 GeV vs. the number of turns, Nturns used in
the analysis. The vertical lines in the plots indicate the decoherence time (where the coherent
amplitude is reduced by a factor of about 1/e). The computations of β∗

y vary by only about ± 2%
up through 250 turns. Horizontally, the value of β∗

x seems to have the same constancy for CDF
( ∼ ±3%) out to the decoherence time, though a general trend to diverge with Nturns is seen. For
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Figure 10: Data taken on 2005 June 23. Left: x1 at CDF. Right: y1 at D0.

the D0 calculation the divergence is more pronounced. Still, however, the D0 result varies by only
±7% for up to 125 turns used. For comparison, Figure 12 shows the same analysis for the injection
data sets; clearly more turns, with correspondingly longer decoherence time, is preferred.

Similar plots are made for the June 23 data set in Figure 13. Here, we again see a constancy
in the vertical results, over several thousand turns, just as in the injection data. However, the
horizontal results again appear to diverge. Upon closer inspection of the horizontal data, we see
two effects. First, there is a large chromaticity which means that the measurement is less reliable
when using data points during the decoherence stages. Also, it is apparent that there is a low
frequency movement of the closed orbit at the BPM’s on the scale of 100-200 µm. (Motion of the
vertical closed orbit is 2-4 times smaller.) This is reflected in Figure 14, which plots a running
100-turn average over the data. The closed orbit motion obviously alters the results, and will be
investigated in a future analysis.
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Figure 11: Computed β∗ vs. Nturns for 980 GeV data taken June 31.

10



No fit of amplitude; use raw data in computation: Data taken: 5/2/05

CDF D0 H BPMs

Nturns beta_min ds* beta_min ds* H Kick

100 140.9 4.86 135.40 -29.80

500 143.2 4.71 133.90 -26.60

1000 143.9 4.79 133.90 -26.10

2000 144.0 5.62 134.40 -26.30

3000 144.2 5.49 135.70 -26.10

4000 144.4 5.20 137.60 -25.80

5000 145.2 4.83 139.70 -25.60

6000 145.9 4.73 141.70 -25.40

7000 146.3 4.56 143.50 -25.10

143.7 5.1 135.8 -26.6 cm

4.30 0.91 5.80 4.20 cm, mx-mn

3.0% 17.9% 4.3% -15.8%
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No fit of amplitude; use raw data in computation:

CDF D0 V BPMs

Nturns beta_min ds* beta_min ds* V  Kick

100 179.20 -9.91 186.3 7.12

500 180.50 -13.7 187.8 3.59

1000 180.80 -13.1 188.4 4.15

2000 181.00 -13.2 188.8 3.62

3000 181.20 -13.4 189.1 3.56

4000 181.30 -13.4 189.2 3.62

5000 181.30 -13.4 189.3 3.58

6000 181.30 -13.4 189.3 3.52

7000 181.30 -13.5 189.4 3.49

180.9 -13.0 188.6 4.0 cm

2.10 3.79 3.10 3.63 cm, mx-mn
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Figure 12: Computed β∗ vs. Nturns for 150 GeV data.

No fit of amplitude; use raw data in computation: Data taken: 6/23/05

CDF D0 H BPMs

Nturns beta_min ds* beta_min ds* H Kick

50 29.8 33.5 32.6 -0.563

100 30.7 33.4 33.4 0.548

200 31.6 34.9 34.1 1.11

500 32.8 34.9 36.4 1.56

1000 35.0 34.6 40.3 1.47

1500 34.6 34.2 38.7 1.05

2000 35.2 34.3 40.0 1.24

2500 36.2 34.3 41.4 1.26

3000 36.4 34.4 41.6 1.28

3500 37.2 34.5 42.9 1.40

6000 40.8 34.3 47.7 1.76

35.8 34.4 40.8 1.3

2.60 0.40 4.20 0.42

7.3% 1.2% 10.3% 32.7%
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No fit of amplitude; use raw data in computation:

CDF D0 V BPMs

Nturns beta_min ds* beta_min ds* V  Kick

50 36.50 -5.26 38.4 1.73

100 37.80 -5.25 40.5 2.34

200 37.90 -4.94 40.0 1.96

500 38.20 -4.43 40.3 2.96

1000 38.70 -4.42 40.5 2.50

1500 38.70 -4.77 40.3 2.29

2000 39.00 -4.77 40.4 2.21

2500 39.20 -4.81 40.7 2.02

3000 39.40 -4.93 40.7 1.88

3500 39.60 -4.92 41.0 1.78

6000 40.90 -4.95 42.7 1.56
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Figure 13: Computed β∗ vs. Nturns for 980 GeV data with uncoalesced beam.
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Look at 100-turn average position,closed orbit drift:
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Figure 14: A 100-turn running average performed on the D0 downstream BPM data for the June
980 GeV measurement, indicating closed orbit drift.
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6.1 Effect of BPM Scaling

The computations indicate that the low-beta optics is tuned close to design, with β∗ near 35 cm and
the waists situated within a few centimeters of the middle of the straight section. The exception
appears to be β∗

x at the CDF detector. Here, the data suggest the waist is off by 40 cm. Upon
closer inspection it has been noticed that the downstream horizontal BPM at B0 was reading back
a closed orbit position of approximately 8 mm (with maximum excursions, therefore, of about
9 mm). All 7 other detectors had the beam centered to about 2 mm or better. It is known that
the response of the BPM is non-linear with position. The present scaling of the readback position
from the new BPM system is given by

x = 26.18
A−B

A + B
[mm]

where A and B are the induced voltages on the two plates of the pickup. (A survey offset has
been ignored.) The sensitivity of the device will be reduced by several percent and the reading
will be too low at this size beam offset by as much as 10-20%.[8] Recent beam measurements by
M. Martens[9] also validate effects of this magnitude.

To understand the effect of scaling we perform a short sensitivity analysis as follows. Consider a
measurement with perfect BPM’s, where the beam waist is centered. In this case, 〈x2

1〉 = 〈x2
2〉 ≡ σ,

and let 〈x1x2〉 ≡ c. Then, α1 = −α2 =
√

(σ − c)(σ + c). Thus, our analysis would report back

β∗ = L∗
√

σ + c

σ − c
, ∆s∗ = 0.

We next suppose that the downstream BPM is off by a scale factor r = 1−δ; then we would obtain

α̃1 =
σ − rc

r
√

σ2 − c2
α̃2 = − r2σ − rc

r
√

σ2 − c2

α̃1 − α̃2 =
(1 + r2)σ − 2rc

r
√

σ2 − c2
α̃1 + α̃2 =

(1− r2)σ
r
√

σ2 − c2

from which the change in the waist position and the relative change in β∗ are found to be

d∆s∗ =
1− r2

1 + r2 − 2r(c/σ)
L∗

dβ∗

β∗ = − (1− r)2

1 + r2 − 2r(c/σ)
.

In terms of δ = 1− r � 1,

d∆s∗ ≈ L∗

2
· δ, dβ∗

β∗ ≈ −1
4
δ2.

So, if the downstream BPM at CDF is reading back 10% too low, for example, then the BPM
readback would lead to a misinterpretation of the waist position on the order of (7.5 m/2)·(0.1) =
38 cm, while the numerical value of β∗ would only be affected by − 0.25%. The fact that the only
outcome with a large displacement of the waist is also the only location with a large offset at a
detector is compelling. And, in addition, the sign is right.
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6.2 Influence of the Detector Solenoid Field

While the positions are directly measured, the determination of the slope of the beam trajectory
across the straight section has assumed no external fields exist between the two monitors. In reality,
each detector has a solenoid field through this region. The CDF solenoid has a length of ` = 4.8 m
with a central field strength Bs = 1.5 T. For the D0 solenoid, ` = 2.7 m and Bs = 2.0 T. The
characteristic angle, θ = Bs`/Bρ, takes on the value θ = 11-14 mrad at 150 GeV and θ = 1.7-
2.2 mrad at 980 GeV for D0 and CDF respectively. The effect of a solenoid on the trajectory of a
particle, for small θ, is given by

x2

x′
2

y2

y′2

 =


1 ` 1

2θ − 1
2θ`

0 1 0 1
2θ

− 1
2θ 1

2θ` 1 `
0 − 1

2θ 0 1




x1

x′
1

y1

y′1


from which we see that, compared to traversal of a pure drift space of length `, the resulting change
in slopes due to the solenoid are

∆x′ =
1
2
θy′1,

∆y′ = −1
2
θx′

1.

Using the larger value θ = 0.0022 above for 980 GeV, we see that for a horizontal kick where
the amplitude of the vertical motion is at most ∼20% of the horizontal amplitude (as seen in the
data taken at 980 GeV), then

∆x′

x̂′
=

1
2
θ

(
ŷ′

x̂′

)
=

1
2
(0.0022)

(
1
5

)
= 0.02%.

At injection, where the coupling is observed to be only ∼10%, ∆x′/x̂′ ≈ 0.07%. Thus, while the
solenoid may affect the coupled motion of the particles (the two detectors generate a minimum tune
split at injection of ∆νmin ≈ 0.003, for example), the effect of the solenoid field on the measurement
of a single trajectory across an IR is completely negligible. Should a measurement be made, as will
be proposed later, with kicks in both degrees of freedom simultaneously, then the relative error on
the x′ measurement still would be only ∼0.1%.

6.3 Effect of Beam-Beam Interaction on the Amplitude Function

It needs to be pointed out that one major difference between the measurements discussed here (as
well as differential orbit measurements) and the deduction of β∗ from the detector luminous region
reconstruction is that in the latter the beams are actually colliding. In this case, the beam-beam
interaction takes place at each IP, and acts as a focusing lens on each beam. To lowest order, the
focal length of the “lens” is given by

1
f

= 4πξ/β∗
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where ξ is the “beam-beam parameter,” ξ ≡ 3Nr0/2εN , where N is the number of particles per
bunch, εN is the 95% normalized emittance, and r0 is the classical radius of the proton. For
ξ ∼ 0.01, then f ∼ 3 m.

A gradient error of focal length f introduced where β = β0 produces a perturbation of the
amplitude function around the accelerator of amplitude∣∣∣∣∆β

β

∣∣∣∣ ≈ β0/f

2| sin 2πν|
=

2πξ

| sin 2πν|

and at the location of the error has magnitude − (β0/f) cot(2πν)/2 = −2πξ cot(2πν). So, for ξ =
0.01, ∆β∗/β∗ = −12%, and the wave around the ring is of amplitude 13% (using ν = 20.578).

Additionally, all else being perfect (which, of course, is not the case), the two IP’s should be
separated by a betatron phase advance of 2π, meaning that the two beta-waves generated at the
IP’s will tend to cancel in between the two IP’s and add outside. Thus, the amplitude function
distortion due to the beam-beam interaction would generate a degree of asymmetry across the
luminous region. Naturally, other gradient errors in the accelerator may act to mask this effect,
including the 70 other long-range beam-beam interactions along the way. The point is that the
measurement conditions are quite different with and without the on-coming beam in the accelerator,
and so ∼10% differences between results of the two methods of measuring β∗ should not be too
surprising.

6.4 Nonlinear De-tuning and Chromaticity

The decoherence of the BPM signal of a kicked beam can be characterized analytically for a Gaussian
beam. The result for turn number n is[10]

x(n) = a · e−[2σsξν−1
s sin(πνsn)]2/2 ·

(
1

1 + (νpn)2
e
− a2

2σ2
(νpn)2

1+(νpn)2

)
· cos[2πν0n + ∆φ(n)] (1)

where a is the amplitude of the induced betatron oscillation, ν0 the betatron tune, νs the syn-
chrotron tune, σ the transverse rms beam size, σs the rms relative momentum spread, ξ the chro-
maticity, and νp the non-linear detuning parameter. (If the tune varies with amplitude according
to ν = ν0 −Ka2, then νp = 4πKσ2.) The centroid phase shift is ∆φ, which develops over time as
well.

When examining the turn-by-turn data one can ascertain several of the above parameters.
For example, in the data presented here, the beam was typically kicked several units of σ, and the
amplitude a is essentially the maximum deviation over the first few turns. The beam decohered and
recohered at roughly the synchrotron tune due to chromaticity, so this parameter can be inferred
as well. By adjusting the product ξ · σs one can match the depth of the decoherence due to the
synchrotron motion. Finally, the overall envelope is adjusted using νp.

Figure 15 shows the first 3000 turns of data for the downstream vertical BPM at D0 during the
June 980 GeV study. The curves represent the “envelope” from Equation 1, using νp = 0.00018,
a = 1.34 mm, ξσp = 0.00043, and νs = 1/1370, all fit by hand as described in the preceding
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Figure 15: Decoherence of BPM signal, and computed “envelope” discussed in the text.

paragraph. The new BPM system opens up the possibilities of performing precision measurements
of non-linear beam behavior and chromatic effects with much greater precision than ever before at
the Tevatron.

7 Conclusions

Using the newly upgraded Tevatron BPM system, direct measurements of the amplitude function
across the two interaction region straight sections have been performed. The technique involves
inducing coherent betatron oscillations and recording turn-by-turn position measurements at two
BPM’s in each plane. A fast and simple analysis provides determination of β∗ to a few percent
accuracy, and the results indicate the values, at least in one measurement, were very close to design.
The data used in this analysis were obtained for other purposes, but were quite adequate for this
first investigation of the method.

It was found that the non-linear response of the BPM signal with position needs to be incor-
porated into the control system database to deal with measurements involving offsets of 8 mm or
so, as is currently present at the CDF detector. Also evident was a slow, several-hundred-micron
movement of the closed orbit during the measurement, which may also be affecting the computed
values of βx. Hopefully this can easily be addressed with an appropriate pre-processing of the data
to improve the measurement.

At the time of this writing, only one set of measurements at injection and two at low-beta
have been analyzed. Dedicated studies need to be performed to understand the reproducibility of
the method and to nail down further error sources. The Tevatron conditions should be well tuned
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and documented, such as closed orbits, tunes, coupling, chromaticity, emittances, and intensities,
before the measurements are performed. (In fact, initial measurements would actually be used as
diagnostics to do the tune-up!) Then, a series of data sets for horizontal kicks, vertical kicks, and
combinations of both should be performed for a range of kick amplitudes. One should be able to
find an optimal procedure for measuring β∗, pitting longer decoherence times and more statistics
with short amplitude kicks vs. better relative accuracy for the position data with larger amplitude
kicks.

Additionally, the effects of coupling will need to be incorporated into the analysis. By kicking
the beam vertically and horizontally simultaneously and recording data, the full 4 × 4 matrix
parameters at a BPM location can be inferred and the full development of the beam envelope
through the straight section in the presence of global coupling can be computed. Ultimately, to aid
in the above, a console application code needs to be written.

The improved BPM system opens the door to other possible studies as well. For example, one
could study the variation of β∗ with closed orbit deviations throughout the Tevatron, or β∗ variation
with momentum. The application code, once written, can be used to tune up the waist location,
using the α-bump knobs, during shot set-ups. It may be possible to investigate beam-beam effects,
such as β∗ with and without beam-beam, by performing special studies with one proton bunch and
one anti-proton bunch in the ring. Many other possibilities undoubtedly exist.

The author would like to thank Yuri Alexahin, Eleina Gianfelice-Wendt, and Vahid Ranjbar
for pointing him to the various data sets used here, Vic Scarpine for his help in obtaining pre-BPM
upgrade data for initial testing of the idea, and Mike Martens, Leo Michelotti, and Rob Kutschke
for many useful discussions. Also, thanks to Vaia Papadimitriou for asking the question in the first
place.
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